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Universality in unitary invariant random matrix ensembles with complex matrix
elements is considered. We treat two general ensembles which have a determinant
factor in the weight. These ensembles are relevant, e.g., for spectra of the Dirac
operator in QCD. In addition to the well established universality with respect to
the choice of potential, we prove that microscopic spectral correlators are unaected
when the matrix in the determinant is replaced by an expansion in powers of the
matrix. We refer to this invariance as logarithmic universality. The result is used in
proving that a simple random matrix model with Ginsparg-Wilson symmetry has
the same microscopic spectral correlators as chiral random matrix theory.
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Random matrix theory (RMT) deals with universal spectral properties of en-
semble averages of large random matrices [1]. This universality is revealed in
the microscopic limit. In the microscopic limit we consider the spectral prop-
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erties of eigenvalues  of matrices of dimension N in the limit as N ! 1
with x  N xed [2]. Studies of universality in RMT can be divided into two
categories. In one category the models studied have unitary invariance (see,
e.g., [3]) while in the other this invariance is violated (see, e.g., [4]). In this
paper we consider the former category. The partition function dening the
ensemble, hence, can be expresses in terms of the eigenvalues of the random
matrices rather than in terms of the matrices. We consider random matrix
models where the partition functions involves a general potential V (α)().
This general potential is a sum of a regular and a logarithmically singular
part. This paper introduces and proves logarithmic universality. Logarithmic
universality expresses the invariance of microscopic spectral correlators with
respect to deformations of the logarithmically singular part of V (α)(). The
logaritmically singular part in the eigenvalue representation originates in the
determinant of a matrix D.
Two random matrix ensembles will be studied: The unitary ensemble (UE)
relevant, e.g., for QCD in 3 dimensions [5{7] and the chiral unitary ensemble
(UE) relevant, e.g., for QCD in 4 dimensions [2,8,9]. In the applications of
RMT to QCD the matrix, D, in the determinant is analogous to the Dirac
operator. For the UE the logaritmic universality includes deformations which
violate both the chiral symmetry condition fD; γ5g = 0 and the hermiticity. As
an example we will show that a simple random matrix model which satises
the Ginsparg-Wilson relation fD; γ5g = Dγ5D [10] shares the microscopic
correlators of the GUE.
In the rst part of this paper, we introduce and prove logarithmic universal-
ity in the unitary ensemble. In order to do this we make use of a method
established by Kanzieper and Freilikher [11]. In the second part, we introduce
logarithmic universality in the chiral unitary ensemble and use the universal-
ity of the UE to prove the logarithmic universality of the microscopic spectral
correlators of the UE. Finally, we consider the example with the Ginsparg-
Wilson symmetric model.
2 Logarithmic universality in the unitary ensemble
















where the i are the eigenvalues of the hermitian N  N matrices M and











(i − j) ; (4)
is the Jacobian describing the change to angular coordinates [13]. Finally, the
measure of the matrix integration is the Haar measure.
The hard edge, bulk, and soft edge correlators of this ensemble have been
studied in detail and have been shown [3] to be independent of the coecients
g2k in the potential V in the microscopic limit.
We now introduce a new set of deformations and show that the microscopic
spectral correlators are invariant with respect to these deformations.





















with f1 6= 0. The expansion dening f is assumed to have suitable convergence
properties. We denote this independence as logarithmic universality.
In the proof of this assertion, we shall follow, and extend where necessary,
the argument of Kanzieper and Freilikher [11]. At present [11] provides the
most far-reaching proof of the range of the universality class. At the same
time, this method enables us to explore the spectral properties of the matrix
model dened in eqs. (5) and (6) for an arbitrary spectral range. Without loss
of generality, we can choose f1 = 1.
3
2.1 Proof of logarithmic universality in the UE
For notational simplicity, we will absorb the f -dependent part of the integrand
in the partition function of eqn. (6) into a general potential








In order to determine the kernel, KN(; 
0), from which all spectral correlators
follow,
(1; 2; : : : ; s) = det
1a,bs
KN (a; b) ; (9)
it is sucient to nd the set of polynomials Pn() orthonormal with respect
to the measure d()  d!()  d expf−NV (α)()g on the real axis
1∫
−1
d()Pn()Pm() = mn : (10)
Along with the polynomials Pn(), we will require the functions ’n()
’n()  Pn() expf−N
2
V (α)()g ; (11)
which are by construction orthonormal on the real axis with respect to the










0 −  ; (13)
where the latter equality is derived using the Christoel-Darboux formula [14].
The three term recursion relation
Pn−1() = cnPn()− cn−1Pn−2() (14)
determines the coecients cn of which we have just encountered cN . The aim
is to derive a dierential equation for the orthonormal functions ’k() [11].
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In order to do so, we write the derivative of Pn() as
dPn()
d
= An()Pn−1()−Bn()Pn() ; (15)



























These expressions for An() and Bn() can be obtained by expressing the left












and then rewriting this integral using partial integration and the Christoel-
Darboux formula.
Using eqs. (16), (17), and the three term recursion relation eqn. (14), one nds
the following identity







We are now able to derive a dierential equation for the orthonormal functions
’n. Dierentiating eqn. (15) with respect to  and making use of the recursion











































It is straightforward to obtain the kernel, provided that we can solve these
equations for ’N and ’N−1, cf. eqn. (13).
In accordance with [11] we choose the following convenient representation of








reg () + B
(n)
sing() ; (24)
where the regular parts depend only on the polynomial terms in the general
potential, eqn. (8), and the singular part depends on the term log[f()]2. Since
we have not changed the polynomial part, we are led to the same expressions
for the regular parts of AN () and BN() as obtained in [11]. As our interest
is the microscopic limit, we evaluate the dierential equation, eqn. (20), in
this limit. In doing so it is essential to keep track of the N -dependence of
the various terms. We will assume that the recursion coecients cn and the
functions A(n)reg and B
(n)
reg approach smooth functions in the large-N limit so
that






reg +O(1=N) : (27)








1− (=a)2 ; (28)
where a  limN!1 2cN can be identied with the endpoints of the spectrum.
From this, we infer that A(N)reg () is of order N in the limit N !1, provided
that  is suciently far from the spectral endponts.














sing −B(N)sing) : (29)
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sing() depend on f(). We will now prove
that the f -dependent terms are are smaller than the f -independent terms by
at least a factor of 1=N in the microscopic limit.









































f 0(t)f()− f(t)f 0()
f(t)f()
)
P 2N(t) : (30)














− : : :)

(
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}
P 2N(t) (31)
In the nal equality we have used the fact that both the weight !(t) of the
measure and P 2N(t) are even in t. P
2
N(t) is even in t since Pn(t) has parity
Pn(−t) = (−1)nPn(t), as can be shown using the three term recursion relation
eqn. (14) iteratively.
The singular part of BN() is evaluated in an almost analogous fashion. The
only extra ingredient is that one must use the recursion relation eqn. (14) in
order to perform the integrations. We nd that the term proportional to 1=
is independent of f . In addition to this term, which is identical to the one
obtained in [11], we obtain a constant term and terms proportional to positive






+ TB(N; ) : (32)
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To complete the proof, we determine the dierential equation in the micro-
scopic limit. Inserting B
(N)














(TB(N − 1; )− TB(N; )) :(33)
Inserting this into the dening eqn. (23) for Gn, we can determine its asymp-







































(TB(N − 1; )− TB(N; )) :
In the microscopic limit, two terms in GN() are dominant (i.e., of order N2).
To see this we consider the N dependence in the microscopic limit of the
various terms involved. As noted, eqn. (28) implies that
A(N)reg () / N : (35)











sing()/ (1− (−1)N )N +O(1) : (37)
Finally, the macroscopic density and, hence, A(N)reg through eqn. (28) is inde-
pendent of  for   0. We can thus use eqn. (31) to obtain
A0N() / O(1) : (38)












’n(x) = 0 : (39)
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Here we have changed variables to x = N according to the microscopic scaling
limit and divided by N2. The important feature is that there are no references
to the expansion coecients fk in eqn. (7). Making use of eqn. (13), the kernel
of the UE follows cf. [11]. Since every orthonormal functions which enters in
this kernel is universal with respect to deformations in both the potential V
and logarithm f we infer that the microscopic correlators obtained from this
kernel by eqn. (9) are universal. This completes the proof.
The restriction to an odd polynomial in eqn. (7) was necessary because the
weight in the measure need to be even and the lowest order term in eqn. (7)
has to be linear. Following the lines of the proof given above, it is simple to
prove that: If one replaces f(i) in ZUE with f(jij) then without aecting the
microscopic spectral correlators one can introduce even powers in the denition
















with f1 6= 0.
While this partition function to our knowledge does not have any explicit
matrix analogue it will nevertheless prove useful as we turn to the chiral
unitary ensemble.
3 Logarithmic universality in the chiral unitary ensemble
Chiral unitary random matrix ensembles were originally introduced [2,8,9] to
model the consequences of chiral symmetry in the spectrum of the Euclidean
Dirac operator of QCD. The structure of the random matrix representation,
M , of the Dirac operator was determined by the vanishing anticommutator
of M and γ5. This anticommutation has one particularly simple spectral con-
sequence: The eigenvalues come in pairs of opposite sign. In extending the
universality of the chiral ensemble, we shall again replace the matrix, M , in
the determinant by an expansion in powers of the matrix. However, we must
be somewhat careful because we will need to retain a remnant of chiral sym-
metry. Here we show that the condition for universality of the microscopic
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spectral correlators is complex conjugation symmetry of the spectrum and
not chiral symmetry as established through the anticommutation with γ5.
To this end, we we will prowe the assertion that:The microscopic correlators







expf−NTr ~V (WW y)g ; (42)







when ~f1 6= 0.





where W is a complex N N matrix. The non-singular potential is given by





(WW y)k ; ~gk 2 R with ~gp > 0 : (45)
Again, it is sucient to concider ~f1 = 1.
3.1 Proof of logarithmic universality in the UE
The strategy of the proof is rst to write the UE partition function in an
eigenvalue representation and then to relate this partition function to that of
the eqn. (40) introducing appropriate shifts of the arguments. This will allow
us to express the kernel of the UE in terms of the orthonormal functions of
the UE and, hence, carry over the logarithmic universality of the UE to the
UE.
We rewrite the M integration in the generating functional in angular coordi-
nates W = V U y, where V and U are unitary matrices and  is a diagonal
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matrix with real and positive entries i, i = 1; : : : ; N . This is useful since
ZχUE is invariant under the transformation of W ! U yWV . This invariance
is obvious because the transformation of M and hence of ~f(M) is unitary.




d2i [dV ][dU ]j(2)j2 ; where (2) =
∏
i<j
(2i − 2j) : (46)
The eigenvalues 2 of WW y are related to the eigenvalues of M , which are
i.
It follows from the reflection symmetry of the spectrum of M and the choice
of real coecients ~fk that the spectrum of ~f(M) has complex conjugation










Eqn. (47) show that the determinant is a function of the 2j . Thus, the complex
conjugation symmetry of the spectrum of ~f(M) is the remnant of chiral sym-
metry which we have retained to ensure that the determinant can be written
in terms of the eigenvalues of WW y.
Due to the cyclic property of the determinant and the trace, the integrations
over V and U become trivial, producing irrelevant factors in ZχUE. The par-
















dzj jzjjj ~f(izj)j2α˜ expf−N ~V (z2j )g
)
j(z2)j2 : (49)
This partition function is not of the same form as that of the unitary en-
semble eqn. (6). However, inspired by [12], we can carry over the universality
argument of the preceding section. Given the set of coecients ~fk dening the
polynomial ~f , we introduce polynomials ~P
(f˜ ,α˜)
l (z
2) orthonormal with respect
to the measure dzjzjj ~f(iz)j2α˜ expf−N ~V (z2)g on the real axis. Notice that it










2l (z) for the partition function eqn. (40). We will now show
that this is justied if  = ~ + 1=2 and the expansion coecients of f in
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eqn. (41) are related to those of ~f in eqn. (43). This can be done provided that
we identify
~V (z2)  2V (z) : (50)
The proof is then completed by expressing the kernel of the UE in terms of
the orthonormal functions ’l of the partition function eqn. (40). Since these
orthonormal functions are universal in the microscopic limit, the kernel is also
universal in the microscopic limit.
In order to nd the set of coecients ffkg in eqn. (41) such that jzjj ~f(iz)j2α˜ =
f(jzj)2(α˜+1/2) is satised for a given set f ~fg, let us rst expand the left hand
















































= jzj2(α˜+ 12 ) + : : : : (51)
Since only odd powers of jzj appear, it is appropriate to compare this expansion
with that of f(jzj)2(α˜+1/2) of eqn. (41) where f2k+2 = 0.



















= jzj2(α+ 12 ) +    : (52)
The proof that it is possible to choose the f2k+1 for an arbitrary choice of
coecients ~fk such that the expansions of eqn. (52) and eqn. (51) are identical
to all orders can be made iteratively: First, note that the lowest-order terms
in the two expansions are identical. Assume that the identity holds for each
term up to power 2n+2+1 of jzj. Now, the next term in the UE expansion











Since f1 = 1, we nd that 2~+1 of the terms in this summation are f2(n+1)+1.
As f2(n+1)+1 does not appear in any lower order term, one can choose it to
and match the UE expansion of eqn. (51) and the UE expansion of eqn. (52)
to order 2n + 2 + 1 in jzj. This completes the proof by induction.
In order to determine the kernel of the UE, we introduce orthonormal func-




2)  jzj 12 j ~f(iz)jα˜ expf−N
2
~V (z2)g ~P (f˜ ,α˜)l (z2): (53)






2l (z) : (54)












Following the derivation in section 3 of [12], i.e., using the Christoel-Draboux
formula, we nd
KN(z


















z2 − w2 :(56)
It is immediately seen that the kernel is universal in the microscopic limit
since the orthonormal functions ’l are independent of both ~V and ~f in that
limit.
13
4 Example: The Ginsparg-Wilson relation
As an indication of the utility of the results obtained above, we consider the
partition function eqn. (42) with the choice
D  ~f(M) = 1
a






where M is given by eqn. (44) and a is a real number. This choice falls within
the scope of the results in section 3 since the expansion coecients are real.
Hence, the microscopic spectral correlators in that case are identical to those
obtained for ~f(M) = M which is used when considering QCD in 4 dimensions
with UE [2,8,9]. That model contains SU(~)SU(~) chiral symmetry since
fM; γ5g = 0 ; (58)
where
γ5 = diag(1; 1; : : : ; 1;−1;−1; : : : ;−1) : (59)
It is readily seen that Dy = γ5Dγ5 and that the eigenvalues of D lie on a circle
in the complex plane. Further, using eqn. (58) it is easy to show that
fD; γ5g = aDγ5D : (60)
This anti-commutation relation is known as the Ginsparg-Wilson relation [10]
and implies a SU(~)SU(~) symmetry of the model [15]. This example shows
that genuine chiral symmetry and the Ginsparg-Wilson-Lu¨scher symmetry
lead to identical microscopic correlators. The Ginsparg-Wilson relation is of
relevance when constructing lattice actions without fermion doubling, see, e.g.,
[16]. Regarding a as the lattice spacing, it is clear that the Ginsparg-Wilson-
Lu¨scher symmetry will reduce to genuine chiral symmetry in the limit a ! 0.
The present argument show however that the microscopic spectral correlators
will be obtained for all a and that, in this regard, there is nothing special
about the a ! 0 limit. The rst study of random matrix correlations in a
Ginsparg-Wilson symmetric lattice action have appeared recently [17].
5 Summary
In this paper we have extended the universality class of the unitary invari-
ant random matrix ensemble and of the chiral unitarily invariant random
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matrix ensemble to include logarithmic universality. Logarithmic universality
expresses independence with respect to deformations of the logarithmic singu-
lar part of the general potential. In the case of the UE, this means that the
original matrix structure in the determinant can be deformed by means of a
series expansion in the original block matrix without altering the microscopic
spectral behaviour provided that the spectrum associated with this series has
a complex conjugation symmetry. This result was used to demonstrate that
the matrix appearing in the determinant of the UE partition function can
be chosen to satisfy the Ginsparg-Wilson relation without altering the micro-
scopic spectral correlators. This provides an indication that that lattice gauge
simmulations can satisfy chiral random matrix statistics for nite lattice spac-
ings even when genuine chiral symmetry has been sacriced in the intrest of
eliminating fermion doubling.
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